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HERMITE-HADAMARD'S INEQUALITIES FOR PREINVEX 
FUNCTIONS VIA FRACTIONAL INTEGRALS AND RELATED 
FRACTIONAL INEQUALITIES 

IMDAT i§CAN 



Abstract. In this paper, first we have estabhshed Hermite- Hadamard's in- 
equalities for preinvex functions via fractional integrals. Second we extend 
some estimates of the right side of a Hermite- Hadamard type inequality for 
preinvex functions via fractional integrals. 



1. Introduction and Preliminaries 

Let / :/ cK^-Mbea convex mapping defined on the interval / of real numbers 
and a,b £ I with a < b, then 
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f{x)dx < 
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This doubly inequality is known in the literature as Hermite-Hadamard inte- 
gral inequality for convex mapping. We note that Hadamard's inequality may be 
regarded as a refinement of the concept of convexity and it follows easily from 
Jensen's inequality . For several recent results concerning the inequality (jl.ip we 
refer the interested reader to [1] [U [3l |4j [5] and the references cited therein. 

Definition 1. The function / : [a, 6] C M — >■ M is said to be convex if the following 
inequality holds: 

f{tx + {l-t)y)<tf{x) + {l-t)f{y) 
for all x^y G [a, b] and t G [0, 1] . We say that f is concave if (— /) is convex. 

In [5] Pearce and Pecaric established the following result connected with teh 
right part of (|1.1[) . 

Theorem 1. Let / : 7° C M ^ M be a differentiable mapping on 1° , a,b € 1° with 
a < b, and let q > 1. If the mapping |/'|'' convex on [a, b], then 



(1.2) 



fia) + f{b) 
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f{x)da 
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The classical Hcrmitc- Hadamard inequality provides estimates of the mean value 
of a continuous convex function / : [a, 5] -t- R. 

We give some necessary definitions and mathematical preliminaries of fractional 
calculus theory which are used throughout this paper. 

Definition 2. Let / e L[a, 6]. The Riemann-Liouville integrals J^+f and J^-,f of 
oder a > with a > are defined by 



and 



b 



X 

respectively, where Via) is the Gamma function and J^+f(x) = J^^f(x) — f{x). 

In the case of a = 1, the fractional integral reduces to the classical integral. 
Properties concerning this operator can be found ([2]-[9]). 

For some recent result connected with fractional integral see ([l0]-p^). 

In |10j Sarikaya et al. proved the following Hadamard type inequalities for 
fractional integrals as follows. 

Theorem 2. Let / : [a, 6] — > R &e a positive function with < a < b and f G 
L [a, b] . If f is a convex function on [a, b], then the following inequalities for frac- 
tional integrals hold: 

with a > 0. 

Using the following identity Saikaya et al. in [TU] established the following result 
which hold for convex functions. 

Lemma 1. Let f : [a,b] ^ R be a differentiable mapping on (a, 6) with a < b. If 

f'€L [a, b], then the following equality for fractional integrals holds: 

(1.4) 

^^^^^-W^ + Jb-m] = ^ / - r - n f ita + (1 - t)b) dt 



Theorem 3. Let / ; [a, &] — > R &e a differentiable mapping on (a, 6) with a < b. 
V l/'l ^■s convex function on [a,b], then the following inequalities for fractional 
integrals holds: 
(1.5) 

fia)+fib) n^ + ^Uj;^^f(^,) + j;^_f^,)^ 



<^(i-^) [im + imi 



2 2(6 

In recent years several extentions and generalizations have been considered for 
classical convexity. A significant generalization of convex functions is that of invex 
functions introduced by Hanson in [14] . Weir and Mond [H] introduced the concept 
of preinvex functions and applied it to the establisment of the sufficient optimality 
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conditions and duality in nonlinear programming. Pini [16 introduced the concept 
of prequasiinvex as a generalization of invex functions. Later, Mohan and Neogy 
pil obtained some properties of generalized preinvex functions. Noor T^-ITH] has 
established some Hermite-Hadamard type inequalities for preinvex and log-preinvex 
functions. In recent papers Barani et al. in |21) presented some estimates of the right 
hand side of a Hermite-Hadamard type inequality in which some preinvex functions 
are involved. 

In this paper we generalized the results in [21 1 and [TO] for preinvex functions 
via fractional integrals. Now we recall some notions in invexity analysis which will 
be used throught the paper (see [22l [23] and references therein) 

Let / : A— > M and t] : Ax A ^ R, where A is a nonempty set in R" , be continuous 
functions. 

Definition 3. The set A C R" is said to be invex with respect to r](., .), if for every 
x,y £ A and t G [0, 1] , 

X + tri{y, x) G A. 
The invex set A is also called a connected set. 

It is obvious that every convex set is invex with respect to rj{y, x) = y — x, but 
there exist invex sets which are not convex |22) . 

Definition 4. The function f on the invex set A is said to be preinvex with respect 
to rj if 

fix + tTj{y, x)) <il-t) fix) + tfiy), Vx,yeA, te [0, 1] . 
The function f is said to be preconcave if and only if —f is preinvex. 

Mohan and Neogy introduced condition C defined as follows 
Condition C: Let A C M" be an open invex subset with respect to r/ : Ax A ^ 
M. We say that the function r/ satisfies the condition C if for any x,y ^ A and any 

< e [0, 1] , 

v{y,y + tvix,y)) = -tr]{x,y) 

V{x,y + tT]{x,y)) = {1 -t)r]{x,y). 
Note that for every x,y & A and every t £ [0, 1] from condition C, we have 



(1.6) v{y + hvix, y), y + ti-qix, y)) ^ (ta - ii)?7(a;, y). 

We will use the condition in our main results. 

In |20j Noor proved the Hermite-Hadamard inequality for the preinvex functions 
as follows: 

Theorem 4. Let f : K ~ [0,0 + 77(6,0)] (0,oo) be a preinvex function on the 
interval of real numbers K° (the interior of K) and a,b £ K° with a < a + ri{b, a). 
Then the following inequality holds: 

a-\-ri{b,a) 

2a + ,(l,,o)\ ^1 /■ „ ,j , /(<!) + 



a 

In [21] Barani, Gahazanfari, and Dragomir proved the following theorems: 
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Theorem 5. Let A Q be an open invex subset with respect to rj : A x A ^ M. 
Suppose that f : A ^ R is a differ entiable function. If \ f'\ is preinvex on A then, 
for every a, 6 G A with 77(6, a) the following inequalities holds 



f{a) + f{a + ii{h,a)) 



1 



a+?7(?j,a) 



r]{h, a) 



f{x)dx 



(1.8) 



< 



\ri{b,a)\ 
8 



[i/'(«)i + imi] 



Theorem 6. Let A C R 6e an open invex subset with respect to r^ : A x A ^ M.. 

Suppose that / : A — >■ M is a differentiate function. Assume that p G R with p > \. 

V 

If l/'l*""^ "is preinvex on A then, for every a,b & A with r]{b,a) ^ the following 
inequalities holds 



f{a) + fia + r,ib,a)) 



1 



a-\-ri{b,a) 



T]{b, a) 



f{x)dx 



(1.9) 



< 



2(p+l)p 



2. Hermite-Hadamard type inequalities for preinvex functions via 

fractional integrals 

Theorem 7. Let A C M 6e an open invex subset with respect to rj : Ax A M. and 
a. b E A with a < a + 77(6, a). If f '. [a,a + r]{b, a)] — > (0, 00) is a preinvex function, 
/ e L [a, a + 7/(6. a)] and rj satisfies condition C then, the following inequalities for 
fractional integrals holds: 



f 



2a + 77(6, a) 



< 



277"(&,a) 



(2.1) 

with a > 0. 



^ /(a) + /(a + 77(b,a)) ^ /(a) + /(b) 



Proof. Since a,b £ A and A is an invex set with respect to 77, for every t G [0, 1], we 
have a + tr](b, a) G A. By preinvexity of /, we have for every x,y € [a,a + rjib, a)] 



with t — ^ 



Viy,x)\ ^ f{x) + f{y) 



< 



i.e. with a; = a + (1 — t)rj[b, a), y = a + trj{b, a) from inequahty (|1.6p we get 

77(0 + tr]{b, a), a + (1 — t)ri{b, a)) ' 



2/ a+ (1 -t)77(6,a) + 



2/ a+ (1 -t)?7(6, a) + 



(2t-l)77(&,a)) 



(2.2) < f{a+{l~t)7^{b,a)) + f{a + tri{b,a)) 



2/ 



2a + 77(6, a) 



HERMITE-HADAMARD INEQUALITY 



5 



Multiplying both sides (|2.2|) by ^, then integrating the resulting inequality 
with respect to t over [0, 1] , we obtain 



a 



2a + ri{b, a) 



< / t"-'/ (a + (1 - t)r]{b, a)) dt + / V (a + tr^{b, a)) dt 



a-\-r}{h.a) 



r(a) 

2ry«(6,a) 



(a + 77(5, a) — u)" ^f{u)du + 



(u — a)" ^ f[u)du 



1.6. 



/ 



2a + ?](&, a) ^^ _^ r(a + 1) 



27," (6, a) 



J,"+/(a + r,(fe,a)) + J,VKM)-/(«) 



and the fist inequality is proved. 

For the proof of the second inequality in (|2.2I) we first note that if / is a preinvex 
function on [a, a + ri{b, a)] and the mapping 77 satisfies condition C then for every 
t € [0,1], from inequality (|1.6p it yields 

f{a + t7]{b,aj) = f{a + 7j{b,a) + {l-t)f]{a,a + T]{b,a))) 

(2.3) < tf{a + 7j{b,a)) + {l-t)f{a) 

and similarly 

/(a+ (1 -i)77(5,a)) = f {a + r]{b,a) + tr]{a,a + r]{b, a))) 
< (l-i)/(a + r/(6,a))+i/(a). 
By adding these inequalities we have 



(2.4) / (a + t77(6, a)) + / (a + (1 - t)ij{b, a)) < /(a) + / (a + 77(6, a)) 

Then multiplying both (|2.4p by t"^^ and integrating the resulting inequality 



with respect to t over [0, 1] , we obtain 



V (a + i77(6, a)) dt+ J V (a + (1 - t)77(6, a)) dt < [f{a) + f {a + 77(6, a))] J t° 



r(a) 

7/" (6, a) 



j; 



a^/(« + '?(^«)) + ^(:+,(M))-/(«) 



< 



/(a) + / (a + 7,(6, a)) 



Using the mapping 77 satisfies condition C the proof is completed. 



□ 



Remark 1. a) If in Theorem^ we letri[b,a) = b — a, then inequality 112. 1\) become 
inequality 11.3]) of Theorem\^ 

b) If in Theorem^ we let a = 1, then inequality i2.1\) become inequality |j. 7| ) 
of Theorem^ 
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Lemma 2. Let A C_ R be an open invex subset with respeet to t] : A x A ^ W and 
a,b G A with a < a + rj(b,a). Suppose that f : A is a dijferentiable function. If 
f is preinvex function on A and f & L[a,a + r]{b, a)] then, the following equality 
holds: 



/(a) + /(a + rK6,a)) r(a + 1) 
2 2r]"{b,a) 



•^:+/(«+'?(^«))+-^r„+,(M))-/(«) 



i 

(2.5>= J [r - (1 - tn f {a + tv{b, a)) dt 



Proof. It suffices to note that 



1 

/ = j [t"' -{l-t)"]f' {a + tr]{b,a))dt 



f^f {a + t-nib, a))dt 



{l-tf f {a + tr]ib,a))dt 



(2.6) h + h 

integrating by parts 



h 



i 

j ty {a- 



tr]{b, a)) dt 



(2.7) 



= t' 



J{a + t7^{b,a)) 



T]{b, a) 







r]{b, a) 



f{a + ■q{b, a)) a 



OL-1 



T]{b,a)J r){b,a) 



T]{b,a) 
and similarly we get, 
1 



r]{b,a) v{b,a) 

a 

f{a + r,{b,a)) T{a + 1) 



dx 



= -J{l-trf'{a 



tr]{b, a)) dt 



(2.8) 



a f {a + tr]{b,a)) 



f{a 

ri{b,a) ■r]{b,a) 

f{a) r(a + l) 



V{b, a) 

a-\-ri(b.a) 



OL{\-t) -— ; dt 



a + tri{b, a) — x\" I {^) 



r){b,a) ?7«+i(6,a) 



77(6, a) 

a 

J:+f{a + v{b,a)) 



r]{b, a) 



dx 
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Using (l2Jl) and ([21]) in dSS]), it follows that 



^_ f{a)+f{a + v{b,a)) Tja + l) 
2 277" (6, a) 



Thus, by multiplying both sides by Sihsl^ -^^e have conclusion (|2.5p . 



□ 



Remark 2. // in Lemma\^ we let r]{b,a) = b — a, then equality i2. 5\) become 
inequality of Lemma\^ 

Theorem 8. Let A C M 6e an open invex subset with respect to rj : A x A ^ 
and a,b E A with a < a + 7^(6, a) such that /' G L [a, a + 77(6, a)] . Suppose that 
f : A ^ W is a dijjerentiable function. If \f'\ is preinvex function on A then the 
following inequality for fractional integrals with a > holds: 



(2.9) 



< 



f{a) + f{a + ij{b,a)) Tja + l) 
2 2ry°(6,a) 

T](b,a) 



j:,fia + rjib,a)) + J^^^^^^^^^^^f{a) 



2{a + l) 

Proof. Using lemma [2] and the preinvexity of |/'| we get 
/(a) + / (a + 77(6, a)) r(a + 1) 



2?7"(fe, a) 



J:,f{a + ^{b,a)) + Jf^^^^^^^^^^^f{a) 



< 



< 



7]{b, a) 
2~~ 

?](&, a) 



- (1 I/' (a + tr/(6,a))|di 

r-{l-tr\[{l-t)\f'{a)\+t\f'{b)\]dt 



/5 



77(6, a) 



2(a + l) 
which completes the proof. 



□ 



Remark 3. a) If in Theorem\^ we letri{b,a) — b — a, then inequality 112. 9\) become 
inequality il.5\) of Theorem\^ 

b) If in Theorem\^ we let a = \, then inequality 12. 9\) become inequality !il.8\) 
of Theorem\^ 



c) In Theorem\^ assume 
we get 

f ia) + fia + rib,a)) T{a + 1) 

2 277° (6, a) 
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that rj satisfies condition C and using inequality ^2.3\) 



< 



^(i-^)ll/V)l + l/V + ,(M) 



Theorem 9. Let A C_ W be an open invex subset with respect to i] : A x A ^ R 
and a,b E A with a < a + 77(6, a) such that f G L[a,a + ri{b,a)]. Suppose that 
/ : A — > M is a differentiable function. // |/'|^ is preinvex function on A for some 
fixed q > 1 then the following inequality holds: 

(2.10) /(«) + /(« + '/(^«)) r(a + l) 



< 



2 2ri°'{b,a) 
Vib,a) /|/'(a)|^ + |/'(6)|n^ 



where - + - — 1 and a G [0, ll 

p q L 1 J 



Proof. From lenim£(2] and using Holder inequality with properties of modulus, we 
have 

f{a) + f{a + rjib,a)) r(a + 1) 



2?7"(6, a) 



j:,f{a + v{b,a)) + J^^^^^^^^^^^f{a) 



< 



< 



nih^ f \t--ii-tr\\ria + tfjib,a))\dt 



ri{b,a) 



Jif^-ii-trrdt] Ij 



1 \ 9 

9 



I/' ia + trj{b,a))\Ut 



We know that for a e [0, 1] and Vti,t2 £ [0, 1], 

K-t?i<iti-i2r, 

therefore 



1 1 
J\t''-il-t)"fdt < J\l-2t\''Pdt 


I 1 

= j[i-2trut+ J[2t-ifPdt 



ap+ 1 

Since \ f'\'' is convex on [a, a + r]{b, a)] , we have inequality (|2.10p . which completes 
the proof. □ 

Remark 4. a) If in Theorem\^ we let ri{b,a) = b — a and a — Ithen inequality 
i2.10\) become inequality U.9\) of Theoren\S[ 
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b) In Theorem\^ assume that rj satisfies condition C and using inequality h2.3\) 
we get 



J{a) + J{a + iib,a)) T{a + l) 



< 



2 'iri°'{h,a^ 
V{b,a) /|/'(a)r + |/'(a + r,(6,a))|^V 



2 {ap + 1) p 



Theorem 10. Let A C R be an open invex subset with respect to rj : A x A ^ R 
and a,b G A with a < a + ri{b,a) such that f G L[a,a + ri{b,a)]. Suppose that 
f : A ^ is a dijjerentiable function. If \f'\'^ is preinvex function on A for some 
fixed q > 1 then the following inequality holds: 



(2.11) 



f{a) + fia + rib,a)) T{a + 1) 



^ Vib,a) / 1 
- (a + 1) V 2" 



2?7"(6, a) 



j:,f{a + rj{b,a)) + Jll^,^^,^^^^-f{a) 



where ^ + ^ = 1 and a > 0. 

p q 

Proof. From lemin£(5] and using Holder inequality with properties of modulus, we 
have 



f{a) + f{a + 7j{b,a)) r{a + l) 
2 2ry°(6,a) 



< I |r-(l-t)"|t + t|/'(a + i^(5^a))|rft 



< 



ri{b,a) 



J \t" - (1 - tr\dt\ 1 1 - (1 - tr\ If {a + <r7(6,a))r dt 



On the other hand, we have 





a + 1 V 2" 



Since |/'|'' is preinvex function on A, we obtain 



I/' (a + ir;(6,a))r < (1 - t) |/'(a)r + t l/'WI' , ^ e [0, 1] 
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and 

1 



ii" - (1 - tr\ If {a + t^{b, a))r dt < r-[i- tr\ [(i - 1) i/'(a)r + 1 a 



[[i-tr^r] [(i-i)i/'(a)r+ti/'(6)n at 
1 

+ / r~{i-tr] [(i-i)i/'(a)r+i|/'(6)r]dt 



□ 



from here we obtain inequality (j2.1ip which completes the proof. 

Remark 5. a) If in Theorerr lKA we let r]{b,a) = b — a and a ~ I then inequality 
i 2. 11]) become inequality hi. 2^1 Theorerr[li 

b) In TheoreniTd[ assume that rj satisfies condition C and using inequality {£ 
we get 

/(a) + / (a + 77(6, a)) r(a + 1) 



[9 
[10: 



[11 
[12: 



^ 77(6, g) A 1 
- (a + 1) V 2" 



|/'(a)|^ + |/'(a + r;(6,a))|' 
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